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The aim of this paper is to study the uniqueness of complete hypersurfaces immersed in a
semi-Riemannian warped product whose warping function has convex logarithm and such
that its ﬁber has constant sectional curvature. By using as main analytical tool a suitable
maximum principle for complete noncompact Riemannian manifolds and supposing a
natural comparison inequality between the r-th mean curvatures of the hypersurface and
that ones of the slices of the region where the hypersurface is contained, we are able to
prove that a such hypersurface must be, in fact, a slice.
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1. Introduction
Our purpose in this paper is to study the uniqueness of complete hypersurfaces immersed in a semi-Riemannian warped
product of the type  I × f Mn , where Mn is a connected, n-dimensional oriented Riemannian manifold, I ⊆ R is an open
interval, f : I → R a positive smooth function and  = ±1 (for the details, see Section 3). In the last years, many authors
have approached problems in this branch. For example, we may cite the works of L.J. Alías et al. [4,5,9,10], S. Montiel [19,20]
and A. Romero et al. [13,14,22,23]. Before to present a description of our theorems, we will give a brief outline of some
recent papers containing results directly related to the our ones.
Using the so-called generalized maximum principle of Omori–Yau [21,25], the ﬁrst author jointly with A.L. Albujer and
F. Camargo [3] have obtained some uniqueness results concerning to complete spacelike hypersurfaces with constant mean
curvature immersed in a Lorentzian warped product whose ﬁber has constant sectional curvature. In [11], using another
suitable maximum principle due to K. Akutagawa [1], the ﬁrst author jointly with C.P. Aquino investigated constant mean
curvature complete vertical graphs in a Riemannian warped product. Under suitable restrictions on the values of the mean
curvature and the norm of the gradient of the height function, they obtained rigidity theorems concerning to such graphs.
In [15], the ﬁrst author jointly with F. Camargo and A. Caminha obtained Bernstein-type results in two particular semi-
Riemannian warped products: the hyperbolic-type R×et Mn and the steady state-type spaces −R×et Mn . More recently, the
ﬁrst author jointly with A.G. Colares [17] also approached the problem of uniqueness of complete hypersurfaces immersed
in a semi-Riemannian warped product. However, in their results concerning to the r-th mean curvatures, they treated only
the case when the ambient space has constant sectional curvature.
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slices, we extend uniqueness results of [3,11,15] and [17] to the context of complete hypersurfaces immersed into semi-
Riemannian warped products satisfying certain suitable convergence conditions, which are well established in the current
literature (see, for instance, [9,10,19] and [20]). In this setting, jointly with an extension of a maximum principle at the
inﬁnity of [26] due to Caminha in [16] (cf. Lemma 4.1), we explore the geometry of the vertical height function h of
Riemannian immersions ψ : Σn →  I × f Mn (that is, the height function with respect to the unit coordinate vector ﬁeld ∂t )
to prove our uniqueness results.
Our ﬁrst theorem, which is concerned with the Lorentzian case, extends Theorem 3.3 of [3], Theorem 3.6 of [15] and
Theorem 5.4 of [17]. In what follows, according to the terminology established in [2], we will assume that the hypersurfaces
are bounded away from the inﬁnity of the ambient space; that is, they are contained in a slab bounded by slices {t1} ×
Mn and {t2} × Mn , for some t1, t2 ∈ I . Moreover, L1(Σ) will stand for the space of Lebesgue integrable functions on the
hypersurface Σn .
Theorem 1.1. Let M¯n+1 = −I × f Mn be a Lorentzian warped product such that log f is convex and whose ﬁber Mn has constant
sectional curvature κ satisfying
κ  sup
I
(
f f ′′ − f ′2). (1.1)
Let ψ : Σn → M¯n+1 be a complete noncompact, connected spacelike hypersurface bounded away from the inﬁnity of M¯n+1 . Suppose
that f ′ does not vanish on Σn, the mean curvature H is bounded and that, for some 1 r  n− 1, Hr and Hr+1 are positive and such
that
Hr+1
Hr
 f
′
f
(h). (1.2)
If h has a local minimum and |∇h| ∈ L1(Σ) on Σn, then Σn is a slice.
Proceeding, in the Riemannian setting we obtain an extension of Theorem 3.4 of [11], Theorem 3.7 of [15] and Theo-
rem 5.8 of [17]. More precisely, we have the following
Theorem 1.2. Let M¯n+1 = I × f Mn be a Riemannian warped product such that log f is convex and whose ﬁber Mn has constant
sectional curvature κ satisfying
κ  sup
I
(
f ′2 − f f ′′). (1.3)
Let ψ : Σn → M¯n+1 be a complete noncompact, connected hypersurface bounded away from the inﬁnity of M¯n+1 . Suppose that the
mean curvature H is bounded and that, for some 1 r  n − 1, Hr and Hr+1 are positive and such that
Hr+1
Hr
 f
′
f
(h). (1.4)
If the angle function 〈N, ∂t〉 does not change sign, h has a local maximum and |∇h| ∈ L1(Σ), then Σn is a slice.
The proofs of these previous theorems, as well as corollaries obtained from them, are presented in Section 4.
We note that, in the Lorentzian context, a four-dimensional warped product −I × f M3 whose ﬁber M3 has constant
sectional curvature is classically called a Robertson–Walker spacetime (see, for instance, [18]). Moreover, the convergence
condition (1.1) corresponds to the so-called null convergence condition, which means that the Ricci curvature of the ambient
spacetime is nonnegative on null or lightlike directions (for more details, we refer the readers to [10] and [20]). On the
other hand, Lorentzian and Riemannian warped products with constant sectional curvature trivially satisfy the convergence
conditions (1.1) and (1.3), respectively.
To close our introduction, we also observe that L.J. Alías, D. Impera and M. Rigoli have treated in the recent papers [7]
and [8] the problem of uniqueness for hypersurfaces immersed with constant higher order mean curvature in a semi-
Riemannian warped product. Their approach is based on the use of a generalized version of the Omori–Yau maximum
principle for appropriate trace type differential operators.
2. Riemannian immersions in semi-Riemannian manifolds
Let M¯n+1 be a connected semi-Riemannian manifold with metric g¯ = 〈,〉 of index ν  1, and semi-Riemannian connection
∇¯ . For a vector ﬁeld X ∈X(M¯), let X = 〈X, X〉; X is a unit vector ﬁeld if X = ±1, and timelike if X = −1.
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dimensional orientable differentiable manifold Σn into M¯ , such that the induced metric g = ψ∗(g¯) turns Σ into a Rie-
mannian manifold (in the Lorentz case ν = 1 and we refer to (Σn, g) as a spacelike hypersurface of M¯), with Levi-Civita
connection ∇ . We orient Σn by the choice of a unit normal vector ﬁeld N on it.
In this setting, if we let A denote the corresponding shape operator, then, at each p ∈ Σn , A restricts to a self-adjoint
linear map Ap : T pΣ → T pΣ .
For 0 r  n, let Sr(p) denote the r-th elementary symmetric function of the eigenvalues of Ap ; in this way one gets n
smooth functions Sr : Σn →R, such that
det(t I − A) =
n∑
k=0
(−1)k Sktn−k,
where S0 = 1 by deﬁnition. If p ∈ Σn and {ek} is a basis of T pΣ formed by eigenvectors of Ap , with corresponding eigen-
values {λk}, one immediately sees that
Sr = σr(λ1, . . . , λn),
where σr ∈R[X1, . . . , Xn] is the r-th elementary symmetric polynomial on the indeterminates X1, . . . , Xn .
Also, we deﬁne the r-th mean curvature Hr of ψ , 0 r  n, by(
n
r
)
Hr = rN Sr = σr(Nλ1, . . . , Nλn).
We observe that H0 = 1 and H1 is the usual mean curvature H of Σn .
We also observe that the Hilbert–Schmidt norm of the shape operator A of Σn is given by
|A|2 = n2H2 − n(n − 1)H2. (2.1)
For 0  r  n, one deﬁnes the r-th Newton transformation Pr on Σn by setting P0 = I (the identity operator) and, for
1 r  n, via the recurrence relation
Pr = rN Sr I − N APr−1. (2.2)
A trivial induction shows that
Pr = rN
(
Sr I − Sr−1A + Sr−2A2 − · · · + (−1)r Ar
)
,
so that Cayley–Hamilton theorem gives Pn = 0. Moreover, since Pr is a polynomial in A for every r, it is also self-adjoint
and commutes with A. Therefore, a basis of T pΣ diagonalizing A at p ∈ Σn also diagonalizes all of the Pr at p. Let {ek} be
such a basis. Denoting by Ai the restriction of A to 〈ei〉⊥ ⊂ T pΣ , it is easy to see that
det(t I − Ai) =
n−1∑
k=0
(−1)k Sk(Ai)tn−1−k,
where
Sk(Ai) =
∑
1 j1<···< jkn
j1,..., jk =i
λ j1 . . . λ jk .
It is also immediate to check that Prei = rN Sr(Ai)ei , so that an easy computation (cf. Lemma 2.1 of [12]) gives the
following
Lemma 2.1.With the above notations, the following formulas hold:
(a) Sr(Ai) = Sr − λi Sr−1(Ai);
(b) tr(Pr) = rN
∑n
i=1 Sr(Ai) = rN (n − r)Sr = br Hr ;
(c) tr(APr) = rN
∑n
i=1 λi Sr(Ai) = rN (r + 1)Sr+1 = Nbr Hr+1 ,
where br = (n − r)
(n
r
)
.
Associated to each Newton transformation Pr one has the second order linear differential operator Lr : D(Σ) → D(Σ),
given by
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For a smooth ϕ :R→R and h ∈ D(Σ), it follows from the properties of the Hessian of functions that
Lr(ϕ ◦ h) = ϕ′(h)Lr(h) + ϕ′′(h)〈Pr∇h,∇h〉. (2.3)
Furthermore, we observe that
Lr( f ) = tr(Pr Hess f ) =
n∑
i=1
〈
Pr(∇ei∇ f ), ei
〉
=
n∑
i=1
〈∇ei∇ f , Pr(ei)〉=
n∑
i=1
〈∇Pr(ei)∇ f , ei〉 = tr(Hess f ◦ Pr),
where {e1, . . . , en} is a local orthonormal frame on Σn . Moreover, according [24], we have
divΣ
(
Pr(∇ f )
)=
n∑
i=1
〈
(∇ei Pr)(∇ f ), ei
〉+
n∑
i=1
〈
Pr(∇ei∇ f ), ei
〉
(2.4)
= 〈divΣ Pr,∇ f 〉 + Lr( f ),
where the divergence of Pr on Σn is given by
divΣ Pr = tr(∇ Pr) =
n∑
i=1
(∇ei Pr)(ei).
Remark 2.2. Useful expressions for the divergence of the Newton transformations can be found in Lemma 3.1 of [4] and in
Lemma 3.1 of [6].
From Eq. (2.4), we conclude that the operator Lr is elliptic if, and only if, Pr is positive deﬁnite. We observe that L0 = 
is always elliptic. The next lemma gives a geometric condition which guarantees the ellipticity of L1.
Lemma 2.3. (See Lemma 3.2 of [5].) Letψ : Σn → M¯n+1 be a Riemannian immersion in a semi-Riemannianmanifold M¯n+1 . If H2 > 0
on Σn, then L1 is elliptic or, equivalently, P1 is positive deﬁnite ( for an appropriate choice of the Gauss map N).
When r  2, the following lemma establishes suﬃcient conditions to guarantee the ellipticity of Lr (for the proof see [12],
Proposition 3.2).
Lemma 2.4. (See Lemma 3.3 of [5].) Let ψ : Σn → M¯n+1 be a Riemannian immersion in a semi-Riemannian manifold M¯n+1 . If there
exists an elliptic point of Σn, with respect to an appropriate choice of the Gauss map N, and Hr+1 > 0 on Σn, for 2 r  n − 1, then
for all 1 k r the operator Lk is elliptic or, equivalently, Pk is positive deﬁnite ( for an appropriate choice of the Gauss map N, if k is
odd).
Here, by an elliptic point in a Riemannian immersion ψ : Σn → M¯n+1 into a semi-Riemannian manifold M¯n+1, we mean
a point p0 ∈ Σn where all principal curvatures κi(p0) have the same sign.
3. Semi-Riemannian warped products
In order to study semi-Riemannian warped products, we deﬁne conformal vector ﬁelds. A vector ﬁeld V on M¯n+1 is said
to be conformal if
LV 〈 , 〉 = 2φ〈 , 〉 (3.1)
for some function φ ∈ C∞(M¯), where L stands for the Lie derivative of the metric of M¯ . The function φ is called the
conformal factor of V .
Since LV (X) = [V , X] for all X ∈X(M¯), it follows from the tensorial character of LV that V ∈X(M¯) is conformal if and
only if
〈∇¯X V , Y 〉 + 〈X, ∇¯Y V 〉 = 2φ〈X, Y 〉, (3.2)
for all X, Y ∈X(M¯). In particular, V is a Killing vector ﬁeld relatively to g¯ if φ ≡ 0.
Let Mn be a connected, n-dimensional oriented Riemannian manifold, I ⊆R an interval and f : I →R a positive smooth
function. In the product differentiable manifold M¯n+1 = I × Mn , let πI and πM denote the projections onto the I and
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furnishing M¯ with the metric
〈v,w〉p = 
〈
(πI )∗v, (πI )∗w
〉+ f (p)2〈(πM)∗v, (πM)∗w〉,
for all p ∈ M¯ and all v,w ∈ T p M¯ , where  = ∂t and ∂t is the standard unit vector ﬁeld tangent to I . Moreover (cf. [19]
and [20]), the vector ﬁeld
V = ( f ◦πI )∂t
is conformal and closed (in the sense that its dual 1-form is closed), with conformal factor φ = f ′ ◦ πI , where the prime
denotes differentiation with respect to t ∈ I . Such a space is a particular instance of a semi-Riemannian warped product, and,
from now on, we shall write M¯n+1 =  I × f Mn to denote it.
If ψ : Σn →  I × f Mn is a Riemannian immersion, with Σn oriented by the unit vector ﬁeld N , one obviously has
 = ∂t = N .
Remark 3.1. For t0 ∈ R, we orient the slice Σnt0 = {t0} × Mn by using the unit normal vector ﬁeld ∂t . According to [9], Σnt0
has constant r-th mean curvature Hr = −( f ′(t0)f (t0) )r with respect to ∂t (see also [19] and [20]).
Now, let h denote the (vertical) height function naturally attached to Σn , namely, h = (πI )|Σ . Let ∇¯ and ∇ denote
gradients with respect to the metrics of  I × f Mn and Σn , respectively. A simple computation shows that the gradient of
πI on  I × f Mn is given by
∇¯πI = 〈∇¯πI , ∂t〉 = ∂t, (3.3)
so that the gradient of h on Σn is
∇h = (∇¯πI ) = ∂t = ∂t − 〈N, ∂t〉N. (3.4)
In particular, we get
|∇h|2 = (1− 〈N, ∂t〉2), (3.5)
where | | denotes the norm of a vector ﬁeld on Σn .
In the Lorentzian setting, the following result is a particular case of one obtained by L.J. Alías and A.G. Colares in
Lemma 4.1 of [5].
Lemma 3.2. Let ψ : Σn →  I × f Mn be a Riemannian immersion. If h = (πI )|Σ : Σn → I is the height function of Σn, then
Lr(h) = (log f )′
(
 tr Pr − 〈Pr∇h,∇h〉
)+ tr(APr)〈N, ∂t〉.
Remark 3.3. In [15], the ﬁrst author jointly with F. Camargo and A. Caminha have presented an alternative proof of the
previous lemma.
From Eqs. (6.2) and (6.16) of [4], we have the following
Lemma 3.4. Let ψ : Σn →  I × f Mn be a Riemannian immersion in a semi-Riemannian warped product  I × f Mn. If h = (πI )|Σ :
Σn → I is the height function of Σn, then
〈divΣ P1,∇h〉 = −
(
RicM
(
N∗,N∗
)+ (n − 1)(log f )′′(h)|∇h|2)〈N, ∂t〉,
where RicM denotes the Ricci curvature of the ﬁber Mn and N∗ = N − 〈N, ∂t〉∂t is the projection of the unit normal vector ﬁeld N of
Σn onto Mn. Moreover, if the ﬁber Mn has constant sectional curvature κ , then
〈divΣ Pr,∇h〉 = −(n − r)
(
κ
f 2(h)
+ (log f )′′(h)
)
〈Pr−1∇h,∇h〉〈N, ∂t〉.
We will also need a suﬃcient condition to guarantee the existence of an elliptic point in our Riemannian immersions. In
what follows, we quote the semi-Riemannian version of Lemma 5.4 of [4] due to L.J. Alías, A. Brasil Jr. and A.G. Colares.
Lemma 3.5. Let M¯n+1 =  I × f Mn be a semi-Riemannian warped product, and ψ : Σn → M¯n+1 a Riemannian immersion. If − f (h)
attains a local minimum at some p ∈ Σn, such that f ′(h(p)) = 0, then p is an elliptic point for Σn.
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−I × f Mn if there exists t¯ ∈ I such that
ψ(Σ) ⊂ {(t, x) ∈ −I × f Mn; t  t¯}.
Analogously, we say that Σn is bounded away from the past inﬁnity of −I × f Mn if there exists t ∈ I such that
ψ(Σ) ⊂ {(t, x) ∈ −I × f Mn; t  t}.
Finally, Σn is said to be bounded away from the inﬁnity of −I × f Mn if it is both bounded away from the past and future
inﬁnity of −I × f Mn . In other words, Σn is bounded away from the inﬁnity if there exists t < t¯ such that ψ(Σ) is contained
in the slab bounded by the slices {t} × Mn and {t¯} × Mn .
4. Proofs of Theorems 1.1 and 1.2 and their corollaries
In order to establish our results, we will also need the following result obtained by A. Caminha (Proposition 2.1 of [16]),
which extends a result of S.T. Yau [26] on a version of Stokes theorem for an n-dimensional, complete noncompact Rieman-
nian manifold.
Lemma 4.1. Let X be a smooth vector ﬁeld on the n-dimensional complete, noncompact, oriented Riemannian manifold Σn, such that
divΣ X does not change sign on Σn. If |X | ∈ L1(Σ), then divΣ X = 0.
Now, we can prove our ﬁrst theorem. In what follows, motivated from the Remark 3.1, we will assume that the orienta-
tion N of the spacelike hypersurface ψ : Σn → −I × f Mn such that its angle function satisﬁes
〈N, ∂t〉−1.
Proof of Theorem 1.1. Initially, we observe that, from Eq. (2.3),
Lr f (h) = f ′′(h)|∇h|2 + f ′(h)Lrh.
Thus, with the aid of Lemmas 2.1 and 3.2, we obtain
Lr f (h) =
(
f ′′ f − f ′2
f
(h)
)
〈Pr∇h,∇h〉 − br f ′(h)Hr
(
f ′
f
(h)+ Hr+1
Hr
〈N, ∂t〉
)
, (4.1)
where br = (n − r)
(n
r
)
. Moreover, from Lemma 3.4, we have that
〈divΣ Pr,∇h〉 = (n − r)
(
κ − ( f f ′′ − f ′2)(h)
f 2(h)
)
〈N, ∂t〉〈Pr−1∇h,∇h〉. (4.2)
On the other hand, since f ′(h) does not vanish and Hr+1 is positive on Σn , by using Lemmas 2.4 and 3.5, we guarantee
that Pr and Pr−1 are positive deﬁnite. Thus, since we are supposing that log f is convex, from (1.2) and (4.1), we get
Lr f (h) 0
and, from (1.1) and (4.2),
〈divΣ Pr,∇h〉 0.
Consequently, from Eq. (2.4), we have that
divΣ
(
Pr(∇h)
)
 0. (4.3)
On the other hand, if A is the second fundamental form of Σn , then its eigenvalues are continuous functions on Σn . It
thus follows from Eq. (2.2) that |Pr | is bounded on Σn whenever |A| is itself bounded on Σn . Therefore, since H is bounded
and H2 is positive on Σn , from (2.1) we conclude that there exists a constant C > 0 such that |Pr | C on Σn . Consequently,∣∣Pr(∇h)∣∣ |Pr ||∇h| C |∇h| ∈ L1(Σ). (4.4)
Hence, taking into account (4.3) and (4.4), we are in position to apply Lemma 4.1 to the vector ﬁeld X = Pr(∇h) to
conclude that divΣ(Pr(∇h)) = 0 on Σn .
Now, suppose by contradiction, that exists p ∈ Σn such that |∇h|(p) > 0. Since Pr is positive deﬁnite, back to Eq. (4.1),
we get
f ′′ f − f ′2 = 0
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into account once more the hypothesis (1.2), we have
−β = Hr+1
Hr
〈N, ∂t〉−Hr+1
Hr
−β,
so that 〈N, ∂t〉 ≡ −1 and Hr+1Hr ≡ β . So, it follows from (3.5) and the connectedness of Σn that it is a slice of −I ×αeβt Mn ,
and we arrive at a contradiction. Therefore, |∇h| ≡ 0, i.e., Σn is a slice of −I × f Mn . 
Now, by applying Lemma 2.3 jointly with the ﬁrst formula of Lemma 3.4, taking into account that
〈
N∗,N∗
〉
M =
1
f 2(h)
|∇h|2,
we can repeat the steps of the proof of Theorem 1.1 to obtain the following result.
Corollary 4.2. Let M¯n+1 = −I× f Mn be a Lorentzian warped product such that log f is convex and whose ﬁber Mn has Ricci curvature
satisfying
RicM  (n − 1) sup
I
(
f f ′′ − f ′2)〈, 〉M .
Let ψ : Σn → M¯n+1 be a complete noncompact, connected spacelike hypersurface bounded away from the inﬁnity of M¯n+1 . Suppose
that f ′ does not vanish on Σn, the mean curvature H is bounded and H2 is positive and such that
H2
H
 f
′
f
(h).
If |∇h| ∈ L1(Σ), then Σn is a slice.
In what follows, taking into account once more Remark 3.1, we will assume that the orientation N of the hypersurface
ψ : Σn → I × f Mn is such that its angle function satisﬁes
−1 〈N, ∂t〉 0.
Proof of Theorem 1.2. From hypothesis (1.4), we have that
f ′
f
(h) + Hr+1
Hr
〈N, ∂t〉 0.
On the other hand, by using Lemmas 3.5 and 2.4, we guarantee that Pr and Pr−1 are positive deﬁnite. Consequently,
since log f is convex, from Lemma 3.2 and Eq. (2.3) we obtain that
Lr f (h) =
(
f ′′ f − f ′2
f
(h)
)
〈Pr∇h,∇h〉 + br f ′(h)Hr
(
f ′
f
(h)+ Hr+1
Hr
〈N, ∂t〉
)
 0,
where br = (n − r)
(n
r
)
.
Moreover, taking into account the convergence condition (1.3), from Lemma 3.4 we have that
〈divΣ Pr,∇h〉 = −(n − r)
(
κ − ( f ′2 − f f ′′)(h)
f 2(h)
)
〈N, ∂t〉〈Pr−1∇h,∇h〉 0.
Consequently, from Eq. (2.4), we get
divΣ
(
Pr(∇h)
)
 0.
Therefore, by applying analogous arguments employed in the last part of the proof of Theorem 1.1, we conclude that Σn
is a slice of I × f Mn . 
Finally, from the proof of Theorem 1.2 we get the following
Corollary 4.3. Let M¯n+1 = I × f Mn be a Riemannian warped product such that log f is convex and whose ﬁber Mn has Ricci curvature
satisfying
RicM  (n − 1) sup
(
f ′2 − f f ′′)〈, 〉M .I
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mean curvature H is bounded and H2 is positive and such that
H2
H
 f
′
f
(h).
If the angle function 〈N, ∂t〉 does not change sign and |∇h| ∈ L1(Σ), then Σn is a slice.
Acknowledgements
The ﬁrst author was partially supported by FAPESQ/CNPq/PPP, Brazil.
References
[1] K. Akutagawa, On spacelike hypersurfaces with constant mean curvature in the de Sitter space, Math. Z. 196 (1987) 13–19.
[2] A.L. Albujer, L.J. Alías, Spacelike hypersurfaces with constant mean curvature in the steady state space, Proc. Amer. Math. Soc. 137 (2009) 711–721.
[3] A.L. Albujer, F. Camargo, H.F. de Lima, Complete spacelike hypersurfaces in a Robertson–Walker spacetime, Math. Proc. Cambridge Philos. Soc. 151
(2011) 271–282.
[4] L.J. Alías, A. Brasil Jr., A.G. Colares, Integral formulae for spacelike hypersurfaces in conformally stationary spacetimes and applications, Proc. Edinburgh
Math. Soc. 46 (2003) 465–488.
[5] L.J. Alías, A.G. Colares, Uniqueness of spacelike hypersurfaces with constant higher order mean curvature in Generalized Robertson–Walker spacetimes,
Math. Proc. Cambridge Philos. Soc. 143 (2007) 703–729.
[6] L.J. Alías, J.H.S. de Lira, J.M. Malacarne, Constant higher-order mean curvature hypersurfaces in Riemannian spaces, J. Inst. Math. Jussieu 5 (2006)
527–562.
[7] L.J. Alías, D. Impera, M. Rigoli, Hypersurfaces of constant higher order mean curvature in warped products, Preprint, 2011, arXiv:1109.6474.
[8] L.J. Alías, D. Impera, M. Rigoli, Spacelike hypersurfaces of constant higher order mean curvature in generalized Robertson–Walker spacetimes, Preprint,
2011, arXiv:1109.6477.
[9] L.J. Alías, A. Romero, M. Sánchez, Uniqueness of complete spacelike hypersurfaces with constant mean curvature in generalized Robertson–Walker
spacetimes, Gen. Relativity Gravitation 27 (1995) 71–84.
[10] L.J. Alías, A. Romero, M. Sánchez, Spacelike hypersurfaces of constant mean curvature and Calabi–Bernstein type problems, Tôhoku Math. J. 49 (1997)
337–345.
[11] C.P. Aquino, H.F. de Lima, On the rigidity of constant mean curvature complete vertical graphs in warped products, Differential Geom. Appl. 29 (2011)
590–596.
[12] J.L.M. Barbosa, A.G. Colares, Stability of hypersurfaces with constant r-mean curvature, Ann. Global Anal. Geom. 15 (1997) 277–297.
[13] M. Caballero, A. Romero, R.M. Rubio, Constant mean curvature spacelike surfaces in three-dimensional generalized Robertson–Walker spacetimes, Lett.
Math. Phys. 93 (2010) 85–105.
[14] M. Caballero, A. Romero, R.M. Rubio, Uniqueness of maximal surfaces in generalized Robertson–Walker spacetimes and Calabi–Bernstein type problems,
J. Geom. Phys. 60 (2010) 394–402.
[15] F. Camargo, A. Caminha, H.F. de Lima, Bernstein-type theorems in semi-Riemannian warped products, Proc. Amer. Math. Soc. 139 (2011) 1841–1850.
[16] A. Caminha, The geometry of closed conformal vector ﬁelds on Riemannian spaces, Bull. Braz. Math. Soc. 42 (2011) 277–300.
[17] A.G. Colares, H.F. de Lima, Some rigidity theorems in semi-Riemannian warped products, Kodai Math. J., in press.
[18] S.W. Hawking, G.F.R. Ellis, The Large Scale Structure of Spacetime, Cambridge Univ. Press, Cambridge, 1973.
[19] S. Montiel, Unicity of constant mean curvature hypersurfaces in some Riemannian manifolds, Indiana Univ. Math. J. 48 (1999) 711–748.
[20] S. Montiel, Uniqueness of spacelike hypersurfaces of constant mean curvature in foliated spacetimes, Math. Ann. 314 (1999) 529–553.
[21] H. Omori, Isometric immersions of Riemannian manifolds, J. Math. Soc. Japan 19 (1967) 205–214.
[22] A. Romero, R.M. Rubio, On the mean curvature of spacelike surfaces in certain three-dimensional Robertson–Walker spacetimes and Calabi–Bernstein’s
type problems, Ann. Global Anal. Geom. 37 (2010) 21–31.
[23] A. Romero, R.M. Rubio, A nonlinear inequality arising in geometry and Calabi–Bernstein type problems, J. Inequal. Appl. (2010) 10, Article ID 950380.
[24] H. Rosenberg, Hypersurfaces of constant curvature in space forms, Bull. Sci. Math. 117 (1993) 217–239.
[25] S.T. Yau, Harmonic functions on complete Riemannian manifolds, Comm. Pure Appl. Math. 28 (1975) 201–228.
[26] S.T. Yau, Some function-theoretic properties of complete Riemannian manifolds and their applications to geometry, Indiana Univ. Math. J. 25 (1976)
659–670.
